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The two order parameters p, q, defined by Saupe for a nematic liquid crystal phase, 
are rewritten as linear combinations of orientational distribution coefficients g:k, which 
transform as second rank tensor coordinates with regard to the first and second pairs 
of indices. The motion of a point (p, q) within the order triangle, defined by this 
description, under transformations of the molecule fixed coordinate system is analyzed. 
For the determination of order parameters by spectroscopic methods two coordinate 
systems are of particular interest which do not coincide for molecules of symmetry C,, 
C,, C,, C, or CZh: the principal axes of g:33 and of the spectroscopic tensor, respectively. 
Most order parameters given in literature refer to the latter system in spite of the fact 
that such quantities cannot be compared to each other for different molecules or 
methods of measurements. For steroid nitrites, as an example, it is shown that 
q* # 0. 

Keywords: nematic phase, order parameters, tensorial properties 

Orientational order of anisotropic systems, e.g. nematic liquid crys- 
tals, can be characterized by an orientational distribution function 
f = f(a, p, y) where a, p and y are the Eulerian angles. From this 
function a set of orientational distribution coefficients 
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338 H.-G. KUBALL er al. 

can be derived which may be classified with respect to their tensor 
properties. N is a normalization constant; a ,  are the elements of an 
orthogonal transformation matrix from the space fixed ( x i )  to the 
molecule fixed (x , )  orthogonal Cartesian coordinate system. 

For an absorption process (IR, UV), the measurable quantity Y, 
= (often named also E,,) is related to the transition moment tensor 
X ,  = ell by the equation' 

y ,  = g1133 xt]. (2) 

For circular dichroism (CD), the same equation holds if the quantity 
Y ,  = AeA (ACD) is measured with a light beam propagating parallel 
to the optical axis of a uniaxial system ( 1 1  xi; f = fo(P,  7 ) ) .  Here X,) 
= Ael, represents the tensor of rotation. 

The orientational distribution coefficients g,,, transform as tensor 
coordinates of second rank with regard to the first and second pair 
of indices if the molecule fixed and the space fixed coordinate systems 
are changed, respectively. For uniaxial systems with optical axis in 
x5 direction, there are only five independent parameters gt33. Three 
of them describe the choice of the molecule fixed coordinate system, 
e.g. relative to the principal axes x:  of the symmetric tensor g:33. 
The remaining two orientational distribution coefficients are a meas- 
ure of the order of the distribution and can be transformed into the 
two order parameters p, q introduced by Saupe: 

With these two parameters, an order triangle can be defined in the 
p, q-plane (Figure 1). The hatched region is sufficient to describe the 
order in a uniaxial system if the convention g!,,, 2 go,,, 2 g:133 is 
accepted, i.e. every possible function f = fo((P,y) has an image point 
in this region.2 Of course, different functions having the same g!33t 
are mapped into the same point. 

The points of the triangle Figure 1 can also be interpreted in a different 
way. For a given uniaxial distribution, differently chosen molecule fixed 

+Underlined indices are not to follow the summation convention. 
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TENSOR PROPERTIES OF ORDER PARAMETERS 339 

FIGURE 1 Order triangle 

coordinate systems yield, in general, different image points; a change 
of the xi  system results in a motion of the point (p, q) 
in the triangle. Three special coordinate systems, essential for the dis- 
cussion of order parameters in literature, will be presented in more 
detail in the following (Table I). The first column applies to an arbitrarily 
chosen molecule fixed coordinate system. The quantities in the second 
and third column refer to the principal axes of the orientational distri- 
bution coefficients &33 and of the molecular property A',, respectively. 
For molecules of symmetry C,, C,, C,, C, or C, these axes, in general, 
will not coincide; for all other symmetries they do. In the !%st case, 

TABLE I 

Notation of order p. q P * >  '1. P + . T *  B , i l  

Coordinate system x ,  x :  r: i, 
Diagonal tensors - G 3 3  x; 

parameters 

- 
Non-diagonal 

tensors x,. &,33 x:, g& 2aI, g,33 
Special conditions gal33 x G J  = g 3 3 3 3  x k h  

and conventions - &33 a g:z33 2 & I 3 3  - 
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340 H.-G. KUBALL n 01. 

therefore, the x;  and x f  axes will be different, and so will be the 
points (p*, q*) and (p+, q+). Starting from the point (p*, q*), every 
point in the dotted hexagon of Figure 1 can be reached by a suitable 
transformation of the molecule fixed coordinate system. For q* = 0, 
the dotted area becomes a triangle. 

The order parameters p*, q* are solely determined by the type and 
magnitude of the orientational order while p+,  q+ in addition to this- 
by choice of the molecule fixed coordinate system-also include prop- 
erties of A',,. Therefore, p +, q + are not very suitable quantities when 
comparing order parameters of different molecules. This is a problem 
for molecules of low symmetry which has often been overlooked in 
literature where most of the order parameters determined refer to x :  . 
Furthermore, for one and the same system different methods of meas- 
urement can lead to different p+ , q+ depending on the properties of 
the respective X,,. 

A large number of order parameters given in literature are calculated 
assuming that x:  and x :  coincide and that, furthermore, there is only 
one transition moment i.e. X& = X; = 0. In most cases this ap- 
proximation seems to work very well. According to the equation 

resulting from Eqs. (2) and (3), it amounts to 

If the presuppositions are not fulfilled eq. ( 5 ) ,  of course, is not correct. 
But there may exist another special coordinate system f, in which the 
order parameter fi equals the measurable quantity, 

thus pretending the situation to Eq. 5. This can be seen from the 
transformation properties of p, q. The order parameters referring to 
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TENSOR PROPERTIES OF ORDER PARAMETERS 34 1 

an arbitrary molecule fixed coordinate systems are related to p*, q* 
by 

1 3 
2 

p = - (3 u:3 - 1) p* + j (a:2 - a:,) q*, 
( 7 4  

where 1, = a ,  (ao, Po, Yo) x : .  
For an 2, system to exist there must be, by comparison of Eqs. (4) 
and (7a) 

i.e. all Xa must be of the same sign. This applies for IR and UV and 
sometimes also for ACD. As the u3; only depend on (yo, Po the angle 
yo of the transformation remain arbitrary. By means of Eqs. (2) and 
(3) the condition ( 6 )  can also be written as 

0 
I I  

0 NO ON0 C P  
tl 
2 - 1 - 

ON 0 dP 
3 - 

H 
4 - 

FIGURE 2 Steroid nitrites 1 to 4 
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342 H.-G. KUBALL er al. 

Unfortunately, the orientation of the iI system depends strongly on 
the molecular property X,] which in many cases is not known very 
well. Therefore, a discussion of 6 as a function of molecular structure 
parameters is not without problems. 

These considerations show also the difficulty to prove q* f 0 for 
molecules of low symmetry. In the preceding papers a special pro- 
cedure has been given for such a proof. For the steroid nitrites, Figure 
2, another procedure will be discussed in the following. For T to 4 
the UV and ACD spectra (eISO, AeA) are given in Figures 3 and 
4 besides the degree of polarization P = (el - e2)/(e1 + e2) [e2 often 
named also €11. elSO and Acls0 are equal for all compounds. From this 
we assume that e,/ and AeI, are equal, too. This is plausible from the 

I . . . , * .  

2 L  26 28 30 7 v /  1000crn-1 - 
FIGURE 3 UV absorption ( T  = 353.2 K )  and degree of polarization ( T  = 310.7 K) 
in cholesteryl chloridekholesteryl laurate (CCICL), 1 3 1  by weight) of 
L (- ' f,,, - P), 2 ( - - -  c,,, - P),  
3 (- - f,,, --• P), !(- c,,,, -- - P). 
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TENSOR PROPERTIES OF ORDER PARAMETERS 343 - A/nm 

410 390 370 350 
I 

FIGURE 4 CD (7 = 353.2 K) and ACD (T = 310.7 K) spectra in CUCL (1.8:l 
by weight) of 
~ ( * * . A € , " , , - A € " ) . ~ ( - - -  A€,,, - * * * A e " ) ,  
3 (-*- P,,,, -- .AcA), 4 ( -* .  Ac,,, - - -AcA) .  

spectroscopic point of view because the chromophore -0NOt is far 
away from those parts of the molecules where they are different. As 
can be seen from Figures 3 and 4, the following inequalities hold: 

tThe - O N 0  group leads to conformers. Because the concentration ratios of these 
conformers are not expected to vary from 1 to 4. this is without any consequence for 
the argumentation given here. 
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344 H . - G .  KUBALL er al. 

(AeA - A E ~ ~ ~ ) ~  > 0 i = - -  1. 2, (12) 

If q* = 0, Y ,  - Y,,o is proportional to p and, therefore, the sequence 
of the compounds should be the same in the inequalities (10) and 
(11) .  Different sequences demand q* # 0. Furthermore, from ine- 
qualities (10) to (13) a sequence of ( q * l p * ) ,  can be derived, using Eq. 
(4): 

In a rough way of speaking, this sequence can be understood by the 
widtMength ratio similarly to the behaviour of the keto~teroids.~ 
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